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A theory of the optical band shape for Aig —Tiu transitions is developed based on the method 
of the characteristic function. It covers the region of weak coupling between the electrons and the 
phonon modes of aig , eg and t2g symmetries, and takes account of the phonon dispersion. It is 
bound that the cumulant function of the characteristic function can be described by a two-time 
phonon correlation function which includes the multi-phonon correlation due to the Jahn-Teller 
effect. A Dyson equation of the phonon correlation function is solved under specific conditions 
where the contribution from the eg modes is neglected and the phonons have a Lorentzian disper-
sion. Analytical expressions are given for intensity, peak shift and broadening of a few lower 
phonon side bands, and it is found that the one phonon side band of the t2g mode shifts to higher 
frequencies than that of the aig mode. 

1. Introduction 

Several approaches have been proposed for the 
formulation of the optical band shape of Jahn-Tel-
ler systems 1. Among others, a formulation which 
was derived by Wagner2 and by Vekhter et al. 3 

for the E xe Jahn-Teller system is quite interesting, 
since it has an analytical character. In its derivation, 
these authors use an approximation called the In-
dependent Ordering Approximation (IOA). As 
shown by Wagner2, this approximation gives cor-
rect results in two extreme cases, the weak coupling 
limit and the strong coupling limit, where the char-
acter of the spectral shape is well-known from other 
approximations. In the case of intermediate cou-
pling, however, the character of the spectral shape 
given by the IOA has not yet been investigated in 
detail. 

For this reason, in part I 4 we applied the IOA to 
the Aig —T lu transition and calculated spectral 
shapes mainly in the case of intermediate coupling. 
The result could explain at least qualitatively the 
peculiar feature of the spectral shape of an Ag~ 
center in alkali halides 5 that a three-headed curve 
appears at high temperatures, and one of its peaks 
disappears at low temperatures. Thus the theory 
turned out to have a wider applicability than the 
semiclassical theory of Toyozawa and Inoue6. 

In the case of weak coupling and low tempera-
ture, however, one often observes sharp phonon 
structures in the spectral function. By analysing 
such structures together with the global profile of 
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the spectrum, we can expect to get better insight into 
the nature of the electron-phonon interaction asso-
ciated with the absorption center. After the previous 
paper was published, however, it became apparent 
that the IOA gives unreasonably broad phonon 
structures in the weak coupling case, even though 
we took account of the phonon dispersion rigor-
ously. This broadening arises from the fact that the 
spectral shape of the IOA is given as a superposi-
tion of nondegenerate shape functions with different 
Huang-Rhys factors [cf. Eqs. (38) and (39) in 
Parti] , and that sharp phonon structures associated 
with each nondegenerate shape function are broad-
ened to a width of about S23 w/2, namely the Huang-
Rhys factor of the Ug mode times the phonon fre-
quency co. In the weak coupling limit, where this 
broadening is much smaller than the broadening 
due to the phonon dispersion, the IOA gives reason-
able results, but in other cases it is not appropriate 
to treat the phonon structure within the framework 
of the IOA *. Therefore, it is desirable to improve 
the foregoing treatment if we want to consider 
phonon structures in detail in the case of weak cou-
pling and low temperature. 

In Part II, we will extend the characteristic func-
tion method, which was first derived by Lax 8 and 
was applied only to the singlet-singlet transition, so 
as to be applicable to the Aig — Tju transition. 
Although such an attempt was undertaken by Mc-
Cumber9 on the E x e problem, the cumulant ex-

* The statement in part I that the IOA covers all regions 
of the temperature and of the linear electron phonon 
coupling strength is misleading. Muramatsu and Nasu7 

discussed the magnitude of the error of the spectral shape 
brought about by using the IOA for the intermediate 
coupling case. 
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pansion was terminated with only the two-phonon 
correlation function in his formulation. In the 
present work it will be shown that the cumulant 
function can be expressed by a two-time phonon 
correlation function which includes multi-phonon 
correlations due to the Jahn-Teller effect. The effect 
of multi-phonon correlations (higher than the two-

phonon) cannot be neglected even in the case of 
weak coupling such that the zero, one and two 
phonon side bands dominate in the spectral func-
tion. To take account of the phonon dispersion, a 
Dyson equation of the phonon correlation function 
will be solved under specific conditions. 

2. General Formulation of Optical Band Shape 

Throughout this paper, we will follow the notation used in Part I. As a starting point, we will expand 
straightly the characteristic function W 2 3 ( / ) due to eg and Us modes, definde by Eq. (25) in Part I, with 
respect to the Huang-Rhys factors **, 

W 2 3 ( 0 = 2 2 . . -2 2 . . .2 [ ( — 1 ) " / 2 W ] Sr,*, . . . S A , * , , " R , * , 
n = 0 r, r„ X, x„ in 

t < 2 » - l 
X / dtj . . . / dtin 2 Tc [T A h (tmi) T A it (tmi) . . . Trn in (tm2n_, ) Tr„ in (tm2n ) ] (1) 

0 O d 
xi ? trrii tmt) ...<p(<or„>cn,tm2n^-tm2n) . 

Here <p(oj,t) is the unperturbed phonon correlation function, 

<p(co,t) = (n(a)) )e-ilot + {(n{o))) + l } e i w < , 

(n(co)) is the thermal average of the phonon number, 
<!»(«)> = (eK^kT- l ) " 1 , 

and 2 means the summation over all possible combinations, in whidi integers from 1 to 2 n are grouped 
d 

into n pairs. We denote a combination d by a set of n pairs (m2j-l> m2j) (/ = 1 , . . . ,n), where m2j-\<m-2j, 

d= {m1,m2).. . ( /n 2 „ _ i , 7n2,{) . (2) 

The total number of these combinations is (2 n — 1) !!. From Eq. (1) , it follows that 
oo 

/23 (I) = Tr [ W23 it) ] /3 = 2 (V/2):" 2 fnd(b) Und (t) , (3) 
n = 0 d 

where fnd(b) is the trace of the time ordered product of matrices in Eq. (1) , 

fnd(b) = i T r { 2 Tc[xFik (tmi)Triii(tmi)... tF n f n ( W l ) Tr„ in (tm2n)] fc^-A-... - r „ ) } , (4) 

r1,...,rn=2.3 

and 

Und(t) = ( - 1 ) K / d c o j . . . / d c o n o 3 ( c o 1 ) . . . o3(con)eo12 . . .w n 2 

t hn-i 
x / d ^ . . . / d t2n <p (Wj , 

0 0 

Here, we have confined ourselves as in Part I, to the specific case that the projected densities of eg and 
t2g modes are equal, 

O2(OJ) = O3(OJ) , and put S22/S32 = b2. 

** T3; (i=l, 2, 3) used here is normalized in the following and is different from Eq. (9) in part I only by a nor-
manner, malization factor 2~& . 

T r ( 2 T ? , ) / 3 = l , 
i = 1 
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It is convenient to represent Und(t) by a simple diagram. For example, in the case where n = 2 and 
d= (1, 3) (2 ,4 ) , Und(t) is represented by the diagram shown below, 

t tj 
/dö) 2a 3 (ö) 1 )o 3 (co 2 ) co22 J d ^ . . . / d f 4 <p(co <p ( « 2 , * 2 - « 4 ) 

0 0 

' — — N 
= * x k k , (6) 

h h H 

where means the phonon line and the vertices x correspond to the tx, ... ,Un in the order of left 
to right. Then we have 

J23(t) = 1 + (S2/2) (1 + b2) ( > f ^ ) (7) 

+ ( S 3 2 / 2 ) 8 { ( l + fc2)2 + \ ) + ( i - f c 2 + 64) ( * <k x * ) } + . . . . 

Numerical values of fnd(b) of higher order diagrams cannot be known without numerical computations, 
but a diagram: 

1 2 n - 1 n 

/ " ; < " " > : 
(8) 

is readily seen to have the value 
fnd( 0 ) = 2 - ( « - 1 ) , (9) 

because 
T3i % t3. = 0 (i=f /'). 

The products of (*) (» = 1 , . . . , k) can be expanded as a linear combination of Und(t) of order n, 

11 (Unidi )m< = 2 dkmd) Und , (10) 
f = l d 

where n is given by 
k 

n= 2 mi ni 
i = l 

The coefficient M(</1 m«,. . . , dkm"; c?) is determined by dividing each time integral of Unidi ( i = 1 , . . . , k) 

into integrals of order 2 n. For example, 

/ / / \ 

(* x) (X X X k)= 3 X X k x ><) (11) 

+ 2 ( ^ * }< * x * + * x ^ * x * + X ± * >< x x ) 

/ \ \ / ' \ \ / / . \ 
+ + X X x X k x 

/ \ \ ' ' \ \ / • ' \ \ \ 
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As shown in Fig. 1, the time integrals of the two diagrams appearing on the left-hand side of Eq. (11) 
can be divided into 15 areas to give time integrals of order 6, 

t ti t t t j tf 
fdtt fdt2 X fdt3 ... fdt6~+ fdtt /dt., fdt3 ... fdt6 
0 0 0 0 0 0 0 0 

Fig. 1. Dividing the time integral into 15 areas. 

each of which corresponding to a diagram of order n — 3. The dotted areas correspond to the first term of 
the right-hand side of Eq. (11) and M — 3, the white areas correspond to the second term and M = 2, and 
the shaded areas correspond to the remaining terms and M=l. M can also be easily determined by con-
sidering the topological structure of the diagrams. By a similar method we get the following relation: 

( i ' \ y - = 2 ( i " x * \ + * ' X x \ + x # i k x ) , 

and a more general theorem: 

( X X )N — n! (sum of all the diagrams of order n). 

(12) 

(13) 

Equation (31) in Part I can be derived using this theorem, if we approximate /B(f(6) by its averaged 
value in Eq. (3) , assuming that it is independent of the phonon correlation, U„d(t); 

fnd(b)^{Ifnd(b)}f(2n-l)ll. 
d 

Hereafter we call M{d{n\ . . . , dkm"; d) the coefficient of the diagram d when it is factorized into mi dia-
grams of the type rfj (i = 1 , . . . , k). If d is a reducible diagram in which not all the phonon lines are 
connected and is composed of mi irreducible diagrams of a type di (i = l , . . . , & ) with all phonon line 
connected, M(d™1,..., dkmi", d) depends only on its components, 

i = 1 
(14) 

and is independent of the arrangement of the constituent diagrams. An example of this theorem is seen 
in the last term of Equation (11). 

Writing the cumulant expansion of /23 (i) in the form, 

J23(t) = exp [ 2 (S32 /2)" I fnd{b) Und(t)] , 
n = 0 d 

(15) 
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we get the relation, 

fnd{b)=jnd{b)-r 
{fnidt(b)}»» 

M(d^,...,dkm";d) , (16) 

by comparing Eq. (3) with Equation (15). Here 2'' means the summation over all possible ways of 
factorization of the diagram d into m,- lower order diagrams of type dt and of order nt (i = 1 , . . . , k) 
under the condition, 

k 

n = 2 riim,. 
j = i 

A great advantage of the cumulant expansion in Eq. (15) is the cancellation of / 'n d (b) for reducible dia-
gram; the cancellation is expected from the general property of the cumulant expansion as was shown by 
Kubo 10, but in our specific case it can be proved by using Eqs. (14) and (16) if necessary. Then the 
cumulant function U (0 is 

17(0 = l n [ / a ( l ) ] = 1 (S32/2)n f f'nd(b) 1 ^ ( 0 , (17) 
« = 1 d 

ir 
where 2 means the summation over all the irreducible diagrams. A computer calculation of f nd(b) yields, 

d 

* - - •* — ^ 

U (0 = (^32/2) (1 + b2) —1(53 2 /2)2 (1 + 6 b2) ( x' * k \ ) 

+ (S32/2)3 [ (1 + 9 62 + 2 7 64/4) ( >( / / x \ \ ) 

+ 5 (1 + 1 5 62 + 9 64) i \ x' k k + X x' * k \ * (18) 

+ * X £ x k x ) ] + . . . . 

The f'ndi0) for the diagram (8) is, 
f'nd( 0) = ( - 2 ) - ( " - 1 ) , (19) 

which may be confirmed from Eqs. (9) and (16). The first term in Eq. (18) denotes the one phonon cor-
relation and the rest comes from multi-phonon correlation due to a Jahn-Teller effect. How to manage the 
higher order terms is an essential problem in the theory of the phonon side bands of the Jahn-Teller 
system. In the case of the phonon of total symmetry, such as the aig modes in Oh, the expansion in 
Eq. (18) terminates with only the first term as shown in Eq. (24) in Part I. The matrix character of the 
Jahn-Teller interaction in Eq. (8) in Part I precludes the cancellation which is necessary for the expansion 
to terminate. 
Here we define a perturbed phonon correlation function <p'(oo, tt, t2) which includes the multi-phonon 
correlation due to the Jahn-Teller effect: 

cp (co, t1,t2) =<p(co, —t2) 

+ (S32/2) + f ffi / d c o l 0 3 K X / d t g / d ^ c M t - t g ) <p (a> 1 , * 2 - * 4 )+ . . . , (20) 
+ o) o o 

and the cumulant function is written, 

U(t) = - (S32/2) (1 + 62) / dco o3(eo) co2 f dtt fdt2 <p'(co, tx, t2) . (21) 
0 0 
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Equation (20) can be rewritten in the form of a Dyson equation, 

<p'(oj, t^U) = 9 ? ( c o , i 1 - f 2 ) + (S32/2) ^ + 6 j*) / do^ o3 (ojJ cox2 f df3 / df4 <p (co, ty - *3) ^ ' (co1 ? <a, i4) 
2 ( 1 + 6 - ) 0 0 

+ (53 2 /2)2 / dcoj / dco, o3 (coA) o3(OJ„) co^ co.,2 / df3 . . . / d/6 
0 0 

( (1 + 9 62 + 27 64 /4) , , , . 
X j (l + b2) — V » ' 2 - h) <P ioj2,t3,t6) 
, (1 + 15 62 + 9 64) r , . / . 

4 ( l + fe2) IV^h-k) <p{°>t,h-h) <P (<»2.'s.««) 
+ (J9(C0,«1-<4) (o>! , <s — <p'(ft>2,*:>,*6)] 

, 6 2 (1 — 3 62 + 9 64 /4) , . , . . , 1 
H Q + ft2)2 9>(<u2»'4»<e) J + ••• • 

Hereafter we will confine ourselves to absolute zero temperature, then cp'{co, tt, t2) simply becomes, 
<p'{co, tx,t2) = exp(icot1) g(co,t2) , (22) 

where g(co,t2) is the solution of the following equation, 
2 (1 4-6 h2) u- f* 

g(w,t2) /dco1o3 (co1 )co1 2 / d * 3 / d * 4 , ( 0 , ^ ) 
2 2 ( l + o-) 0 0 

+ (532/2 ) 2 / dcoj / dco., a3 (coA) o3 (co.,) cox2 co.,2 / d*3 . . . / d*6 
0 0 

| ( l + 9 62 + 276 4 /4) . . . , . . -. . , (23) 
X j TT+b2)—— exp [ - 1 co f4 + i coj (t2 -t5) +1 co2t3] g(u)2, t6) 

, (l + 15 62 + 9 64) f _ . . . . . . 4(l + 62) (exp [~ia)t5 + iü)1 (f2 - i4) +1 co213\ 
+ exp [ — i co tA + i cOj (% - J5) + i co., J2]} g{co2, t6) 

62 (1 - 3 62 + 9 64/4) r . . . . . , , ,1 
+ ( l + f c « ) « — — e x p [ - » a ) t s + «te>1 ( l t - l5 ) +»a)s|4]5r(tt>2.<6)| + ••• • 

Further developments require the numerical solution of Eq. (23) , but from Eqs. (21) and (22) we can 
clarify the physical meaning of the cumulant function; U(t). Without loss of generality g(w,t) can be 
casted into a Fourier transform, 

g{o),t) = c (co) e " , w + / dco' £(co, co') , (24) 
where Q{CO, - CO) = 0 . The functions C(OJ) and Q(OO, CO') must satisfy the initial conditions of Eq. (23) : 
g(co, 0) = 1 and (d/dt) g{co, t)\t = 0 = — i<0, then we obtain 

/ 

c(ft>) + / d c o ' o (co, co') = 1 , c(co) —/dco ' — o(co, c o ' ) = l . (25 ,26) 

co 

From Eq. (24) the characteristic function turns out to have the following simple t dependence, 
J(t) =exp[-I-itAQ + f dcoo T ( co )e ' w ] (27) 

where / , AQ and oT(co) are given by 
/= (S2/2) + (S32/2) (1 + 62) j / d c o o 3 ( c o ) c(co) — / dco' o (OJ, a/) —7~— 

co + co 
(28) 

AQ = (5 t 2 /2) ( ( c o ) ) ! + ( 5 3 2 / 2 ) ( l + 62) / d co o3(co) c(co)co , (29) 

or(co) = (512 /2)o1(co) + (S32/2) | O 3 ( C O ) c(co) —/dco 'o (co , co') —r 
CO 

to'2 / I + / dco' o3 (co') / dco" o (co', co") „ , d(co - a>" -a>')\. co (co + co ) (15) 
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The physical meaning of / , AQ and a-r(co) can easily be recognized by comparing them with the char-
acteristic function of the aig mode alone: 

Wt (t) = exp [ — (5^ /2 ) {it ((co)) , + 1 - / d o ) (o>) «*» ' } ] . (31) 

That is, I is the Debye Waller factor; exp (— I) determines the relative intensity of the zero phonon 
line to the sum of phonon side bands. AQ is the self-energy which gives the frequency shift of the zero 
phonon line. öt (cü ) i s the reduced multi-phonon density; a superposition of the multi-fold convolutions 
gives the multi-phonon side bands. It contains most of the informations concerning the structure peculiar 
to the band shape for Aig —Tiu transition. Contrary to 0,(00) of the aig mode alone, a<r(&>) may be nega-
tive for certain frequencies and will be finite for larger frequencies than the maximum frequency of the 
phonons associated with the ground state of the impurity, as an effect of the multi-phonon correlation. 
According to the above discussion on 0^(00), Q(OO,OO') in Eq. (24) must satisfy the condition, 

q(<o,w) = 0(co'<-co) . (32) 
Otherwise, phonon side bands would appear in the lower frequency side of the zero phonon line as can 
be seen from the second line of Eq. (30) , but this is unreasonable, for there can be no phonon absorption 
process at absolute zero temperature. 

Eventually, the Fourier transform of Eq. (27) gives the shape function K(Q), 
00 i 

K(Q) = e~l 2 —O^W-QQ + AQ) , (33) 
n = 0 nl 

which is a generalization of the expression of aig mode alone: 

K(Q)=exp[-S,2/2)J^ (S,2/2)»o," {ü-Q0 + ^f((ao)),]j, (34) 

where oTn a n d ° , n a r e the n-fold convolution functions of oT and ox respectively, 
n 

otw(CÜ) = / « ^ . . . / w n OT(<*>„')] ^(a>1 + . . . + o ) n - c o ) , (35) 
n' = 1 

Oiw(co) = / d ü ) 1 . . . / d c ü n [ r i o 1 ( £ o n ' ) ] < 3 ( a ) 1 + . . . + a>M-co) . (36) 
w = i 

3. Calculation under Specific Conditions 

In the case of very weak coupling S32/2 1 and 6 2 < 1 , the cumulant expansion developed in Eq. (18) 
provides useful results. We terminate the cumulant expansion in Eq. (18) with two terms: 

l = S,2/2 + Ss2(l + b2)/2 

- ( S 3 2 / 2 ) 2 - ^ | ^ / d c o 1 / d o > 2 a 3 ( c o 1 ) a 3 ( a > 2 ) | l + ( J ^ ) 2 } , (37) 

AÜ= ( 5^ /2 ) ((co)), + (S32/2) (1 + b2) ((a>) )3 

- (S3 2 /2)2 ( 1 + 9 6 6 2 ) fdco,fdco2o3(co,)o3(ao2) ^ , (38) 
A -f- a»2 

aT(co)= (S,2/2)a,(co) + (532 /2) (1 + b2)os(co) 

- (S 3 2 / 2 ) 2 ( l + b2) o3(co)fdco, - ^ - a 3 K ) (39) 
(JJ ̂  — CO 

- ( S 3 2 / 2 ) 2 S k + l ^ L f dco, /dco 2 — (°11Ü)\2 o3(oo,)o3(a>2) Ö (co, + oo2 - oo) . 
Z \co, + oo2) 

The first and second terms of Eq. (39) are the reduced one phonon densities coming from the one phonon 
correlation, which also reflects on the zero phonon line as shown in the first and second terms of Eqs. (37) 
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and (38). The last term of Eq. (39) is the reduced two phonon density due to the two phonon correla-
tion, which corrects the zero phonon line and the reduced one phonon density as shown in the third 
terms of Eqs. (37), (38) and (39). 

Let us consider the one and two phonon side bands. Using the Green's function method, Boese and 
Wagner 11 had shown that the peak of the corrected one phonon side band shifts to higher frequencies 
than that of the original by the effect of the denominator (cOj —co) in the first term of Eq. (39), but even 
in the case of weak coupling S32/2~0.2 (62 = 0 ) , the correction term will exceed the original when co is 
near the peak of o3(co) by the effect of the denominator. For the same reason higher order corrections 
arising from the diagram (8) exceed the original, whereas corrections from other types of diagrams may 
all be small in this coupling region. It is understood from the topological structure of the diagrams that the 
former type gives the reduced two phonon density correcting the zero phonon line and the reduced one 
phonon density. The latter types such as the third, fifth and sixth diagrams in Eq. (18) give the reduced 
three phonon density correcting the zero phonon line and the reduced one and two phonon densities. Con-
sequently, the latter corrections will be much smaller than that of the former in the weak coupling region 
where zero, one and two phonon side bands dominate in the spectral function. Then we solve the integral 
Eq. (23) neglecting terms higher than the second and the effect of the eg mode. To avoid useless mathe-
matical complexities, we consider the specific case where the phonons have a Lorentzian dispersion cen-
tered at <o0 with the width y co0, 

a,(co)co2 — Og(co)co2 = c o 0 1 ) f + y , } ' (40) 

where y is much smaller than unity, 7 ^ 1 . The phonon correlation functions <p,<p' integrated over fre-
quencies take very simple forms, 

/dco a3(co)co2 9?(a), t) = co02 exp [ico0 '(t) ] , (41) 
and /dco o3(co)co2 9 /(0», tx,t2) = co02 exp [£ cOj/^) ] , (42) 
where co0'(t) = co0t{l+iy t/\t\) . (43) 
The integral equation for g(t2) is then 

g{t2) . (44) 
\ Z I 2 o 0 

Equation (44) can be transformed into a second order linear differential equation, which is easily solved, 
and we get, -

( S 2 co 2 t2 1 

ffi1) = {e~io),'W + cx exp [ico0 ' (f] (^i — 1 ) ] +c2 exp [ico0' (t) (A2 — 1 ) ] } | l + 8 [ / ( | ) ] > } > ( 4 5 ) 

Aj, A2 are roots of the following quadratic equation, 

/ 2 - 3 A + 2 ( l + f f ^ . L I = 0 , (46) 8[co 0 ' (* ) ] 2 

and cx and c2 are constants to be determined from the initial conditions, Eqs. (25) and (26). Neglecting 
the dispersion except the effect of broadening of the phonon lines, we get 

I = (Sx2/2) + (S32/2) (1 - S 3 2 / 1 6 ) / ( l +S 3 2 /8 ) 2 , (47) 

( ¥ • + ¥ • , I . IOI W (48) 2 2 ( l + S 3 2 / 8 ) 

° t ( w ) = ( S i 2 / 2 ) ^ 0 { ( c o K - 1 ) 2 + 7 2 } 
2 1 f Re( / 2 ) 

+ (S3 /2) 4 (x + 532/8 ) } Re(A2 - Aj) R e - 1) Re 

y Re(Aj) +Im(A1 ) 
" n co0{ [co/co0 - Re (Ai) ] 2 + [y Re(At) + Im (Ax) ] 2 } 

Re (At) y Re( l 2 ) + Im(A2) 1 
Re(Aj - A2) Re (A2 - 1) Re (A2) r̂ co0 {[co/co0 - Re (A2) ]'2 + [y Re(A2) + Im (A2) ] 2 } | 
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I 

R e d u c e d Photon Frequency ) / <" 

Fig. 2. The shape functions as a function of 5 t 2 / 2 and 5 3 2 / 2 
at absolute zero temperature according to Eqs. (33), (47), 
(48) and (49). The phonons are assumed to have a Lo-

rentzian dispersion (y — 0.1333) denified in Equation (40). 

Ati / w0 

0.4 

CT> 
0> 
£ 0.2 
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H u a n g - R h y s fac tor S 3 / 2 

Fig. 3. The self-energy AQja>0 as a function of S3 2 /2 ac-
cording to Equation (48). 

o 
o o 

o 

0 

H u a n g - R h y s f a c t o r S § / 2 

Fig. 4. The Debye Waller factor I as a function of 5 3 2 /2 
according to Equation (47). 

/

|X>| 2,0, 0> 

IY)1 0,l,l> IX)I 0, 0, 2 > ^ X X 
I — |Y>| 1 , 0 , 0 ) IZ>| 0 , 0 , 1 ) 

too y f 0 IX>I 0,0,0) 

Fig. 5. The lower three levels excited by x polarized light. 
I X\ I 7 ) and [ Z ) denote the wave functions of the elec-
tron of Tiu symmetry, and | m , 712 > «3) denotes the wave 
function of the phonon of t2g symmetry in which the phonon 
numbers of the x y, y z and z x modes are n\, no and n3 . 

I 

The peak of the one phonon side band of the t-2S mode shifts to higher frequencies than that of the aig 

mode as shown in Figure 2. ZLQ/OJ0 and I fall into the region between S32/2 and 532/3 as shown in Figs. 
3 and 4. The lower bound corresponds to the classical treatment of the T x t problem, and the upper 
bound corresponds to the case of nondegeneracy or the a l g mode. Let us consider the case of very weak 
coupling, S32 ^ 1 in the T xt problem, neglecting the phonon dispersion. Figure 5 shows zero, one and 
two phonon states which are relevant to the absorption of light polarized in the x direction. The two fold 
degeneracy of the one phonon state is removed by the second order perturbation as shown by Moffitt and 
Thorson 12. One of them has T2u symmetry with the wave function 

( | y > | i f o , o ) - | z ) | o f o , i » / 2 * 

according to Fig. 5, and shifts to the lower frequency side of the original one phonon state, for it does not 
couple to the zero phonon state. The other state of Tiu symmetry with the wave function 

(|y>|i , o , o ) + |z)|o, o , i » / 2 * 

shifts to higher frequencies, and the separation from the zero phonon state is h co0 (1 +S 3 2 /4 ) , and in 
this case AQ/WQ and / become S32/2. The are equal to the results of Eqs. (47), (48) and (49) when 
S32/2 1. In the case of the strong coupling limit S32/2 the three-fold degeneracy of the T lu elec-
tronic state is completely removed by the static Jahn-Teller effect, and the adiabatic potential energy sur-
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face (APES) has a minimum point at the trigonally-distorted configuration as shown by öpik and Pryce13. 
In the vicinity of this point APES has the following form 14: 

APES = £P + (2/3)1/1 S3 qc hco0 +kco0 (qf + q/ + q2) /2 , 

where qj is the coordinate of the phonon which induces the trigonal distortion, and qt and qv are phonon 
coordinates orthogonal to q*. In this case 

7 = Jß/£o0 = 5 3 2 / 3 . 

Our results shown in Fig. 3 become close to the above results as the coupling increases. 
Incidentally, we will consider the broadening of the zero phonon line at very low temperatures in the 

case of weak coupling S32/2 ^ 1 and 6 2 < 1 . In the case of the singlet-singlet transition, the linear inter-
action with phonons does not lead to any broadening of the zero phonon line at finite temperatures, but 
the matrix character of the Jahn-Teller interaction causes a broadening of the zero phonon line. The sec-
ond diagram in Eq. (18) includes the Raman term 

l (532/2)2 (1 + 6 b2) f day, f doo2 o 3 ( f f l l ) o3 (o>2) ) i (n (co 2 ) ) + 1 } 1} 

(50) 

which gives a broadening when the two frequencies nearly coincide. The asymptotic form of J(t) for 
larger t, 11 \ ^ 2 nj ( (co ) ) 3 is 

J{t) =exp [ - i * z l i 2 - r|*| + 0(f 0 ) ] . (51) 
The damping term in Eq. (51) comes from Eq. (50) making use of the property that 

(1 - e " i x t ) \ x 2 - + n t ö ( x ) + i n <$'(ar)t/\t\, 

for 111—> + oo, and 
r = + 6 b2) (532/2 ) 2 / d c o 1 (03(0^)}2 (w(co1 ) ) { { n ( c o 1 ) ) + l } . (52) 

Then the spectral shape of the zero phonon line £0 ( .Q) becomes Lorentzian, 
T 

K°{Q)oc n{(Q-Q0 + AQ)2 + r2} ' (53) 

4. Discussion and Conclusion 

We have developed the theory of the optical band 
shape for the Aig —Tiu transition based on the 
method of the characteristic function. The physical 
meaning of the cumulant function of the character-
istic function is clarified by introducing the per-
turbed phonon correlation function. The Dyson 
equation of the phonon correlation function was 
solved under specific conditions and analytical ex-
pressions are derived for intensity, peak-shift, 
broadening and splitting of a few lower phonon 
side bands. It is found that the one phonon side 
band of the t2g mode shifts to higher frequencies 
than that of the ajg mode as an effect of the multi-
phonon correlation. It should be mentioned that the 
straightforward expansion of the phonon correla-
tion function converges very slowly as shown in 
Section 3. If we want to go up to the two phonon 

side band, at least all the higher order diagrams 
that contribute to the reduced two phonon density 
must be taken into account together with the cor-
rections to the lower phonon side bands. 

Although practical calculations may be somewhat 
complicated, there will be no further difficulty in 
extending the theory to higher phonon side bands 
or other singlet-multiplet transitions in the case of 
weak coupling. 

In Sect. 3, we have treated the specific case where 
the coupling is predominantly in a narrow range of 
the phonon frequencies as represented by Eq. (40), 
but Eq. (23) has a more general character and can 
be solved numerically for arbitrary o3(co) if nec-
essary. 
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